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We onsider the suessive measurement of position and momentum of a single partile. Let P
be the onditional probability to measure the momentum k with preision ∆k, given a previously
suessful position measurement q with preision ∆q. Several upper bounds for the probability P
are derived. For arbitrary, but given preisions ∆q and ∆k, these bounds refer to the variation of
q, k, and the state vetor ψ of the partile. The rst bound is given by the inequality P ≤ ∆k∆q
h
,
where h is Plank's quantum of ation. It is nontrivial for all measurements with ∆k∆q < h. A
sharper bound is obtained by applying the Hilbert-Shmidt norm. As our main result, the least
upper bound of P is determined. All bounds are independent of the order with whih the measuring
of the position and momentum is made.
PACS numbers: 03.65.Ta, 04.80.Nn, 03.67.-a
The measurement proess in quantum mehanis plays
a dual role. On one hand, it desribes the way in whih
the state of a quantum system hanges if a measurement
is performed on it, thereby inuening the preditions on
the future behavior of the system. On the other hand,
it gives a unique presription for the preparation of a
quantum system in a denite state. The most generally
known ase of this phenomenon is the omplementarity
between position and momentum, as expressed quanti-
tatively in the Heisenberg unertainty priniple. Let us
begin with the ordinary ase of a single partile pass-
ing through a slit in a diaphragm of some experimental
arrangement. Even if the momentum of the partile is
ompletely known before it impinges on the diaphragm,
the diration by the slit of the plane wave will imply
an unertainty in the momentum of the partile, after it
has passed the diaphragm, whih is the greater the nar-
rower the slit. Now the width of the slit may be taken
as the unertainty ∆x of the position of the partile rel-
ative to the diaphragm, in a diretion perpendiular to
the slit. It is simply seen from de Broglie's relation be-
tween momentum and wave-length that the unertainty
∆p of the momentum of the partile in this diretion is
orrelated to ∆x by means of Heisenberg's general prin-
iple ∆x∆p ∼ h. In his elebrated paper [1℄ published
in 1927, Heisenberg attempted to establish this quantita-
tive expression as the minimum amount of unavoidable
momentum disturbane aused by any position measure-
ment. In [1℄ he did not give an unique denition for the
'unertainties' ∆x and ∆p, but estimated them by some
plausible measure in eah ase separately. In [2℄ he em-
phasized his priniple by the formal renement
∆x∆p & h (1)
However, it was Kennard [3℄ in 1927 who proved the well-
known inequality
σxσp ≥ ~/2 (2)
with ~ = h/2pi, and σx, σp are the ordinary standard
deviations of position and momentum. Heisenberg him-
self proved relation (2) for Gaussian states [2℄. It should
be mentioned, that Kennard was the rst to hoose the
standard deviation as a quantitative measure of uner-
tainty, and neither he nor Heisenberg expliitly explained
why this hoie should be appropriate. Thus the hoie
for the standard deviation was made at a very early
stage in the development of quantum theory without
any expliit disussion. For unertainties represented by
standard deviations, onditions ensuring their existene
are less easily established, and the onept of variane is
to be applied with some are. It has been pointed out
that, in fat, inequality (2) fails to express adequately
the physial ontents of the unertainty priniple, as
summarized by expression (1), in ase of the single-slit
diration [4℄[5℄[6℄[7℄. Alternative haraterizations of
the 'width' of a probability distribution may be dened
as the length of the smallest interval whih yields a given
level of total probability (ondene). This onept
was onsidered long ago in signal theory [8℄ and took
some time until it was reognized in a wider ontext
[6℄[9℄. It is known to entail the ordinary ase of varianes.
Typially suh measures analyze the degree of loal-
izability of position and momentum distributions and
refer to two separate experiments, in the sense that to
eah single partile either a position or a momentum
measurement is applied, and the preparation is the
same in both ases. Instead, Heisenberg disusses
measurement proesses, in whih the initial preparation
of the partile plays no important role. Aording to (1),
position and momentum are both measured for the same
partile and the key observation is that the measurement
of position neessarily disturbs the partile, so that the
momentum is hanged by the measurement. A novel
and general way expressing this degree of disturbane
in a sequential measurement was reently presented by
Werner [10℄. Werner denes 'unertainty' by a ertain
distane between probability distributions of ideal and
2approximate measurements. Applied to a onseutive
position and momentum measurement, these unertain-
ties beome the preision of the position measurement,
and the perturbation of the onjugate variable. These
preisions satisfy a measurement unertainty relation
for the trade-o between the auray of the position
measurement and the neessary disturbane of the
momentum[10℄.
In the following we propose a similar but alternative
approah. We onsider the onditional probability of on-
seutive measurements of position and momentum. For
instane, let us briey disuss the single-slit diration in
more detail. The slit of width ∆q provides the preision
of the position measurement, and the diration pattern
in the far-eld reveal the momentum distribution. A sin-
gle partile initially in a plane-wave state ϕ(x) = 1/
√
∆x,
of width ∆x > ∆q, will aquire a momentum spread on
passing through the slit in aordane to the distribution
|ϕ(p)|2 = 2~
pi∆q
| sin(∆q2~ p)|2
p2
(3)
Then, for any preision ∆k, the onditional probability
to measure the partile with momentum p ∈ [−∆k2 , ∆k2 ]
is simply omputed by integrating the density (3). We
obtain
P (ξ) =
2
pi
[
Si(piξ)− 2
pi
sin(piξ2 )
2
ξ
]
(4)
ξ =
∆k∆q
h
(5)
where h is Plank's quantum of ation.[25℄ The on-
ditional probability (4) is expliitly dependent on the
produt of the preisions ∆k and ∆q (or ξ), ensuring the
trade-o between the omplementary observables. The
funtion P (ξ) is monotonially inreasing, with P (0) = 0
and P (ξ) → 1 for ξ → ∞, see Fig. 1. For small ξ,
the asymptoti behavior of the probability is P (ξ) ∼ ξ,
indiating the inreasing disturbane of the partile by
the measurement apparatus. In the atual experiment
[12℄[13℄[14℄, the momentum preision ∆k is sometimes
hosen twie the value of the rst interferene minimum
(FIM), or equal to the full width at the half maximum
(FWHM). Aording to (3), the momentum preision
orresponding to the FIM is obtained by ∆k = 2h/∆q,
whih entails a probability P (2) ≈ 0.9. Less signiant
is the probability of P (0.89) ≈ 0.72 orresponding to the
ase of the FWHM with higher preision∆k = 0.89h/∆q.
In the following, we apply the onept of the 'measure-
ment preision' in [7℄[15℄[16℄, and onsider the general
onditional probability Pk,q(∆k |∆q;ψ) to measure the
momentum k of a partile with preision ∆k, after hav-
ing made a position seletion at q with the preision ∆q.
For every given measurement preisions ∆q and ∆k we
will determine the least upper bound of Pk,q(∆k |∆q;ψ)
by onsidering a variation problem in Hilbert spae.
To start with, we onsider a single partile in one
spatial dimension desribed by a state vetor, or wave
funtion ψ whih is an element of the Hilbert spae
H = L2(R), the spae of square integrable funtions on
R. We write ρˆ = |ψ〉〈ψ| for the pure state in question.
The salar produt in Hilbert spae will be denoted by
angular brakets, that is to write 〈φ|ψ〉 for the salar
produt of two state vetors φ, ψ ∈ H. Aordingly, the
norm of φ is given by ||ψ|| ≡
√
〈ψ|ψ〉. Position and mo-
mentum of the system are represented as the Shrödinger
pair of Operators xˆ, pˆ, where (xˆ ψ)(x) = xψ(x) and
(pˆ ψ)(x) = −i~ψ′(x).
Let the viinity Aq ⊂ R of a position value q be dened
by the half-open interval Aq =
(
q− ∆q2 , q+ ∆q2
]
, and let
the viinity Bk ⊂ R of a momentum value k be dened by
Bk =
(
k− ∆k2 , k+ ∆k2
]
. Under a projetive position mea-
surement [7℄[15℄, performed on a state ρˆ, the probability
to measure the position x ∈ Aq with preision ∆q has
the form: tr[ ρˆ Exˆ(Aq)] = ||Exˆ(Aq)ψ||2 =
∫
Aq
|ψ(x)|2dx,
where Exˆ(Aq) is the value of the spetral measure
or the positive operator-valued measure Exˆ on the
viinity Aq ⊂ R of q. Similar, the probability of
p ∈ Bk with the preision ∆k is given by tr[ ρˆ Epˆ(Bk)]
where Epˆ(Bk) is the value of the spetral measure Epˆ
on the viinity Bk ⊂ R of k. In this ase we have
tr[ ρˆ Epˆ(Bk)] = ||Epˆ(Bk)ψ||2 =
∫
Bk
|ψ˜(p)|2dp where ψ˜ is
the Fourier transform of ψ.
Furthermore, the formalism for onditional probabili-
ties under quantum measurements is very well developed
[7℄[15℄[16℄. In the initial measurement of the position, one
may suppose either that the partile is absorbed during
the measurement, or that it emerges in a state perturbed
by the measurement. In the seond ase the unertainty
priniple suggests that the more aurately the position
is measured the greater is the perturbation of the mo-
mentum of the outgoing state, and there is no anonial
instrument appropriate to this situation. A onventional
way of treating this problem is to partition the position
spae into a ountable number of disjoint sets, i.e. in
the ase onsidered above, {Aqi}, qi = i∆q, i ∈ Z and
to take the outgoing state to be ρ′ = Exˆ(Aqi) ρExˆ(Aqi ).
By introduing another ountable number of disjoint sets
{Bkj}, kj = j∆k, j ∈ Z, orresponding to the mo-
mentum measurement, the above mentioned onditional
probability Pk,q(∆k |∆q;ψ) of a suessful momentum
measurement p ∈ Bk, given a previous position seletion
x ∈ Aq, is
Pk,q(∆k |∆q;ψ) = ||Epˆ(Bk)Exˆ(Aq)ψ||
2
||Exˆ(Aq)ψ||2 (6)
For simpliity we suppressed the indies i and j. Now,
3our main statement is the following:
Theorem. Let ∆q and ∆k be xed. For every q, k
and ψ ∈ H, the least upper bound of the measurement
probability is given by the inequality
Pk,q(∆k |∆q;ψ) ≤ ξ
[
R
(1)
00 (piξ/2, 1)
]2
(7)
with ξ = ∆k∆q
h
, and R
(1)
mn(c, x) is the radial prolate
spheroidal funtion of the rst kind.[26℄
Proof. We reformulate (6) in order to be able to
apply the subspae Hq = Exˆ(Aq)H ⊂ H, equipped with
the salar produt
〈φ|ψ〉q =
∫
Aq
φ∗(x)ψ(x) dx (8)
and norm ||ψ||q =
√〈ψ|ψ〉q. Initially, we onsider the
linear mapping Gˆkq : Hq → Hq, dened by
(Gˆkqψ)(x) =
∫
Aq
gk(x− x′) ψ(x′) dx′ (9)
with the onvolution kernel
gk(x) = e
i
~
k x sin(
∆k
2~ x)
pix
(10)
This kernel is ontinuous, bounded and gk(x) = g
∗
k(−x),
i.e. the operator Gˆkq is self-adjoint. Then, we obtain the
following representation of (6)
Pk,q(∆k |∆q;ψ) = 〈ψ| Gˆkq ψ〉q〈ψ|ψ〉q (11)
On the other hand, the operator norm of Gˆkq in Hq is
formally given by
||Gˆkq||q = sup
ψ∈H\{0}
|〈ψ| Gˆkq ψ〉q|
〈ψ|ψ〉q (12)
and simply obtains the least upper bound of the mea-
surement probability (6). A substantial step for the
omputation of ||Gˆkq||q is given by the following:
Lemma. For every q, k,∆q and ∆k, we reeive
the identity
||Gˆkq||q = ||Gˆ00||0 (13)
Proof. We onsider the translation Tˆq dened by
(Tˆqψ)(x) = ψ(x − q) and the unitary transformation Uˆk
with (Uˆkψ)(x) = e
i
~
k xψ(x). Then, by using the identi-
ties
〈ψ| Gˆkq ψ〉q = 〈ϕkq | Gˆ00 ϕkq〉0 (14)
〈ψ|ψ〉q = 〈ϕkq |ϕkq〉0 (15)
with ϕkq = (UˆkTˆq)
−1ψ, there is the following reformula-
tion of (12)
||Gˆkq ||q = sup
ϕ∈(UˆkTˆq)−1H\{0}
|〈ϕ| Gˆ00 ϕ〉0|
〈ϕ|ϕ〉0 (16)
By using H = UˆkTˆqH the lemma is proven.
Now, as Gˆ00 is a ompat and self-adjoint linear
operator, there is a real eigenvalue with modulus equal
to || Gˆ00||0. It is easy to show that Gˆ00 is positive denite
on H0 and || Gˆ00||0 is equal to the maximal eigenvalue
of Gˆ00. Aording to (9) and (10), the eigenvalues of
Gˆ00 must satisfy the following homogeneous Fredholm
integral equation of the seond kind
λn ψn(x) =
1
pi
∫ 1
−1
sin(pi2 ξ(x − y))
x− y ψn(y) dy (17)
with |x| ≤ 1, and the single parameter, ξ, appears in-
stead of ∆q and ∆k separately. From standard theory
we know that (17) has solutions in L2([−1, 1]) only for
a disrete set of eigenvalues, λ0 ≥ λ1 ≥, ... and that as
n → ∞, lim λn → 0. It should be noted that both the
ψn(x) and λn depend on the parameter ξ. A detailed
mathematial analysis of equation (17), and some asymp-
toti expansions for prolate spheroidal wave funtions are
given in [20℄. Corresponding to eah eigenvalue λn(ξ)
there is a unique solution ψn(x) = S0n(piξ/2, x) alled
angular prolate spheroidal wave funtion.[27℄ They are
ontinuous funtions of ξ for ξ ≥ 0, and are orthogonal
in (−1, 1). Moreover, they are omplete in L2([−1, 1]).
The orresponding eigenvalues are related to a seond
set of funtions alled radial prolate spheroidal funtions,
whih dier from the angular funtions only by a real
sale fator. Applying the notation of Flammer [19℄ the
eigenvalues are
λn(ξ) = ξ
[
R
(1)
0n (piξ/2, 1)
] 2
(18)
with n = 0, 1, 2, ... These eigenvalues are non-degenerate
for ξ > 0 and one an prove that λ0 > λ1 > ... > 0.
Thus, the largest eigenvalue is λ0(ξ) and we obtain
||Gˆ00||0 = λ0(ξ) (19)
orresponding to the statement of the theorem. 
Various algorithms for the numerial omputation of
the prolate spheroidal funtions are disussed in [21℄[22℄.
Most of the standard methods involve an expansion of
Legendre polynomials for small values and expansion in
Bessel funtions in the neighborhood of innity. In Fig.
1, we see the monotonially inreasing behavior of λ0(ξ).
For small values of ξ, the behavior of λ0(ξ) is given by
λ0(ξ) = ξ
[
1−
(
piξ
6
)2
+O(ξ4)
]
(20)
4with λ0(ξ) ∼ ξ for ξ → 0. Atually, the leading term
of this expansion is equal to the trae of Gˆkq, whih is,
aording to Merer's theorem, given by
Tr( Gˆkq) = ξ (21)
and λ0(ξ) an never exeed the trae. An alternative
upper bound of λ0(ξ) is obtained by the Hilbert-Shmidt-
norm of Gˆkq. The omputation is straightforward by
applying the ordinary integral representation
||Gˆkq ||HS =
[ ∫
Aq
∫
Aq
| gk(x− x′)|2 dx dx′
] 1
2
(22)
and aording to (10) we immediately obtain the expres-
sion [28℄
||Gˆkq||HS = 1
pi
[
2piξ Si(2piξ)− Cin(2piξ)
+ cos(2piξ)− 1
] 1
2
(23)
This bound is slightly tighter than the trae, and it is
non-trivial for ξ ≤ 1.37. Instead, for large values of ξ an
asymptoti expansion of λ0(ξ) is given by the following
expression [23℄
λ0(ξ) = 1− pi
√
8ξ e−piξ
[
1− 3pi
64
ξ +O(ξ−2)
]
(24)
whereas the onvergene behavior is mainly determined
by the exponential damping fator [29℄.
On the other hand, empirially we found that the fun-
tion erf(
√
pi
2 ξ) is proeeding slightly above λ0(ξ), as we
an see in Fig. 1. Moreover, it preserves the property
to vanish for ξ = 0 with slope 1, and it is monotonially
inreasing with an upper bound of 1. Numerially we
found, that the maximum of the deviation from λ0(ξ)
is less than 1% and is loalized in the neighborhood of
ξ ≈ 1.48. We have not been able to falsify the inequality
λ0(ξ) ≤ erf(
√
pi
2 ξ) and thus onjeture it to be a proper
upper bound for all ξ ≥ 0.
The vertial line ξ = 1 in Fig. 1 is the ordinary
dividing line ('unit step') of Heisenberg orresponding
to the relation (1). Instead, aording to the least upper
bound λ0(ξ), we additionally onsider probabilisti
aspets of the measurement proess. Consequently, no
measurement event with onditional probability above
λ0(ξ) does exist. Aording to the monotoni behavior
of λ0(ξ), suh an exlusion ours for both ξ < 1 and
ξ ≥ 1. For instane, measurement events with preisions
∆k∆q = h and probabilities greater than λ0(1) = 0.78
are impossible [30℄. Furthermore, for preisions with
∆k∆q = ~ = h/2pi, as applied in the textbook of Landau
and Lifshitz ([24℄, p. 45), the least upper bound of
the measurement probability is merely λ0(
1
2pi ) = 0.16.
In fat, for the onstitution of a proper measurement
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Figure 1: Possible and impossible measurement probabilities
(6). The vertial line is the dividing line of Heisenberg aord-
ing to (1). Measuring proesses with onditional probabilities
above λ0(ξ) do not exist (see theorem).
apparatus, higher values of λ0(ξ) should be preferred,
e.g. a bound λ0(ξ) ≥ 0.98 is orresponding to the
neessary ondition ∆k∆q ≥ 2h.
The ase of minimum unertainty in (2) is ahieved
for Gaussian state funtions saturating the lower limit
of the ordinary unertainty priniple, i.e. σxσp = ~/2.
Aording to our theorem, the bound λ0(ξ) an not be
attained by the measurement probability (6) in this ase.
Instead, it is reahed for the prolate angular spheroidal
eigenfuntion, ψ0(x) = S
(1)
00 (
pi ξ
2 , x), orresponding to the
maximum eigenvalue λ0(ξ) (see theorem).
Atually, the least upper bound is just as valid for
measuring proesses whih are arried out in reversed
order. We obtain the orresponding onditional prob-
ability by the hange of the projetors Exˆ(Aq) and
Epˆ(Bk) in (6). Then, the derivation is done in the mo-
mentum representation and is idential with the original
derivation in the position representation, exept for the
sign of the imaginary unit. Due to the independene of
the norm of q and k (see lemma), the bounds are same
as before.
Furthermore, a generalization of our results to on-
seutive position measurements with nite time-delay is
possible. In this ase we onsider two suessive position
measurements at q and q′ with time-delay t > 0, and the
orresponding preisions are ∆q and ∆q′. In analogy
to our lemma, the norm of the appropriate operator is
independent of q and q′. Therefore, we obtain the same
bounds as before exept that we have to replae the
parameter ξ by ξ˜ = m
t
∆q∆q′
h
in (18) and (19), where m is
the mass of the partile. The latter might be interesting
as spin-measurements in the Stern-Gerlah experiment
5are prinipally produed by two onseutively position
measurement. In this ase, ∆q orresponds to the gap
of the pols of the magnet where the partile emerges
from, and ∆q′ is given by the domain of the sreen
where the spin of the partile is red as 'up' or 'down'.
But if the time interval t of the two measuring events is
so big that the inequality ξ˜ ≪ 1 is valid, this is a lear
indiation that there is an essential disturbane of the
measurement result aused by the measurement devie.
On the other hand, too small values of t might lead to
the problem, that no suient separation between the
two spin diretions is produed. Therefore, it seems
interesting to reexamine these experiments in more
detail.
In summary, we onsidered Heisenberg's onern to
establish a quantitative expression for the minimum
amount of unavoidable momentum disturbane aused
by any position measurement. We proposed to apply the
onditional probability of onseutive position and mo-
mentum measurements. As our main result, we derived
a tight upper bound of this probability. This bound is
independent of the state vetor, and is just as valid for
measuring proesses whih are arried out in reversed or-
der.
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